
Bipartite graphs
and

Matchings



Definition:A bipartite graph
is a graph 6 such that the set

of its vertices can be partitioned into

two disjoint parts V(G)=AU B such that

every edge ofG connects a vertexin

Awith a vertexin B.

Example:
·B

A



Lemma: A graph G is bipartite ifand

only ifit does not contain a cycle of

odd length.

Proof:
- Suppose that G contains a cycle 2 ofodd

Length:

Then to subsequentvertices of2 belong to the

same part (Aor B). 6

&Suppose that G contains no odd cycles.
We will show thatG is bipartite.



Let v, wcV(G) be two vertices

Claim:G has no old cycles -all pathes between
nu

~ and w has the same length mod 2

Exercise:prove this claim.

Fix ~->V(G).
We define A, BCV(G) as follows:

A: =the set ofvertices with even distance from so

B: =the set ofvertices with odd distance from to

No

No edges ofG go between Aand Aor between B and B.

Is it true that VCG) =A HB?



No.

AUB =connected component ofG containing to

↳Repeat same procedure for all connected
components of G "IIIl



Definition:LetG= (V,E) be a graph.

A subset EoIE of edges such that

erf =0 for all e,f e Eo

is called a matching in G.

Example:

Eo



Definition:A perfect matching is matching that

covers all the vertices ofa graph.

That is each vertexis adjointto exactly one

edge ofthe matching

Example:
Eo



Matchings in bipartite graphs

Let G be a bipartite graph

such thatV(G)=AHBis a partition.

Does G have a perfect matching?
(Obvious) necessary conditions:

1(A) =1B1

2 Let X =A be a subset.

Define

Y(X): =2 y =Bly is connected to some vertex in x3

Anecessary condition for the existence of a perfect matching:
1Y(x) />1X).



Theorem (Konig-Hale)
Let 6 be a bipartite graph with two parts
A and B.

Suppose thatthe following two conditions hold:

1 Al=1B1

2 For each set XIA the subset

Y(x): =2 y =Bly is connected to some vertex in x3

satisfies (Y(X)/ /X).
Then G has a perfect matching.



Proofi

We say thata bipartite graph G is "good"

if it satisfies conditions 1 and 2.

Suppose that a bipartite graph G is good.
Is it true thatevery subset Y&B is connected to

at least 141 vertices in A?

In other words, is the condition to be good symmetric with

respect to the parts Aand B?

We claim that yes.



Indeed, suppose
that G is good and there exists

a subset Y&Bwhich is connected to less then

14) vertices in A.

We denote by X(Y) the set ofall vertices connected to Y.

A ⑯Y B

⑧ ⑧

·

.

·

Note that the set ALX(Y) is connected only to

the vertices in the set BLY.

By our sumption (Y) > (X(Y)) and therefore

1B2Y) < (ALX(Y)1.

This contradicts our assumption that G is good.



We have to provethat every good bipartite graph C

has a perfect matching.
We will prove this by induction on the number ofvertices.

For a bipartite graph with 2 vertices the statement

is obvious.

We will prove the following:
If a good graph has more then I vertices

⑧
it can be divided into two good graphs:

G G: =subgraph induces by Ant B.
An
...........-- 6: = subgraph induces by A. UBeAz

A=An WAz B =BtB2



First try:
Let at A and be Bbe two vertices connected by an edge.
Set A,: =3a3, B,: =363 and

A,: =Al[ab B: =B983.

6,i =subgraph of G induced by A.UB,

Gi =subgraph of G induced by AzUB.

The subgraph G is obviously good.

Is G also good?



a 6 A

-inessAz Be .. ⑲Y.. ↓
1x) =(y) +1

Suppose that the graph G is not good and

the set As contains a subset X such that

the set Y of all vertices in B, connected to X

contains less then 1X1 elements. .

Since G is good, we know that the number of vertices

in B connected to Xis exactly IXI.
This is possible if and only if Y(X) =YU463.

In this case (X)=1YV983).



We make a second try to divide G.

We define
~

A,i =X B: =Yu463
X is the smallest subset with property ->

the bipartite graph induced on A, WB, is good.
---

2

a 16-A B
/ I

↑
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Is the graph induced by Eci =ALX and Bi =B1Y483
also good?



Vertices of B2 are connected only to the

vertices of Ec.
Since the graph G is good, every subset YIB.
is connected to at least 1YI vertices.

Also IBc1=1B1-/Y(x))=1A)-1X1=1 Fcl.

Therefore, the graph I is also good.

Note that X IA.

This finishes the proofofthe statement(
and also the proof of the theorem by induction
on the number ofvertices "



Theorem: LetG be a non-trivial regular

bipartite graph, that is

all vertices ofG have the same non-zero degree.
Then G has a perfect matching.
Proof!
We will show thatsuch a graph G is good.

We will check two conditions of"goodness":

1 Both parts have the same number ofvertices.

Suppose that G has Nedges and each vertex

has degree M. Then each bi-part has Invertices.



2 Let us check the second condition.

Suppose that this condition is false.

then there exists a subset X &A

such thatIY(X)/</X).
In a subgraph induced by X/Y(X)
the sum of degrees of vertices in X

equals the sum of degrees of vertices in Y(X).

then Y(X) contains a vertex of degree bigger then M.

This contradicts the regularity of 6. "


