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%QJCCVLCJCLOVL ) 574/ gz!parjc/%e j(\@pﬂu
ERS 3r0u;@/m - cude that the set

of ite  vertices cam be /Ocu‘fc'%bawed/ o
A OUSOPOMJE ParﬂLS \/<sz A U such that

everg ec{ﬁe (ODC 6 C,Ommec/fs a nfewéex In

A with o vertex in
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L@M/b ma . &4 g a /o gp 6 IS gi/&af%/%e /'JC @mpL
on(g it does ot contain a cycle of
odd. lengtn.

P(‘OO—&‘,
@ Smmoase H«aﬂe C): cOmfa/Jms oL ({/C//Q C Of 00/0/

length (ﬁe\

Then 1o Suéﬁe?wem% vertices of & ge/omg to the
same  part < A or > i

@ SuHQOSe, that & contains ho odd Cj@/@S,
We, witll 61107/0‘ that & IS gc'par%fjre.



Lok v, w e V(&) fbe two wverdices

laim: G has ho odd %G/QS = abl p@f%QS beduweon
T amd we has the same [@Mjf/@ mod £

Execcise prove this Claim.

Fix e \/CQB

We  define A < V(&) as Follows:

A= the cet of wertices with even distance from 1;
= the set of werbiws with odd  distance {rom Vo

o T

D

\‘_/‘

/\/O 60@66 of G'go Bodlween. A and. A ov belween © and,
Ie i+ trye +hat V(&)= A L] 2



Mo.

AU B = conneded ‘camFom@M 04 G comﬁza'm'yﬁ Vo

Repeat same procedure for all  connectedl
Components  of G



Definition: det G = (V, ED fe a grapn.
A subset E, S E of edges  such  that

e N £ =g for  all e £ ek,
s called o /mafadmiwét &

al

€><CU/VWO]€ .




De{fm,%ion: A perfect ma,folaéng 'S mafowmj that
covers all the wertices of a gruph,

That (s  each wverfex s ao{J\ofWL o e»@zc%%/ one
edge.  of the maﬁohdm}

gxam ple:




Ma{ohm%g L gd/oarjgﬂa@ gr@/ohs“
[t G 8 &« Gepartite.  graph
such  £hat V(G = A L s a /oar%f%z’on/.

Does & have a /:Jergfeozé mcméc/%mg.?
<O@m“01/15> necessary conditions:

@ Al =15]
@ ot X S A be a subset
Deffm@

Y(X): :{ y € | Y s connected. 1o some vertex in X}

A wecessary conolition Jor the existemce of a perdect W?aﬂfcm}g ;

OO | = [ X



Theorem (K 6nig - Hatt)

bt G b a bipartite.  graph with “wo parts
R =Y

Ouppose +that the following  two  conditions hobd :

@) Al = | B
2 Foc eadi  set X €A  +the  <ybeet

Y(X)i = { % c \ Y ‘s connected 1y some vertex in X}
5(1/%(‘5&(@5 \\(( ><>1>/ } ><| ,
Then & WL@ o Fer {e ot M@%C/th'



Proog;
We. S@ﬂ that a gé/oar%f%e 3m/ph G s 30054//
«f  t sabisfies  conditions @) and @ .

Sm/opose, that o bpartite graph & s g@oa[.

ls it frue  tht Sy cubet Y S0 = comneded t
ot least | Y| verties o A<

lu other words s the condibon b e good symmebnc with
nreeroeof to the F@ﬁés A and B ¢

We claim that yes



Ldgei) Suppose. that G s good and  there exsts

o subset VS B which s cometed to les then

Y| werdice i A

We denote by X (Y) the set of all vertices comected £ Y.
o

A/o%e 7%\001% 7%6 SP/LL A\ X<Y> IS COMMQMLQO/ Om/j to

the wvectices (o the et D\Y

By our assumption Y > XYY amd therefore
Y| < L ANXOND|

This contraolicts our asswmption  that & /s g00d..




We have 1o prove  that evevy good. @%afa¥e_ gaph G
has «a perfect On@%ohﬁng.

We  will prove this 8y induction on the wumber of veriices,
For @ Gipartite graph with Z verlices the <tatement

'S obvrous.

We  wige prove- the Zﬁwwum%gf

Isﬁ a QOOOK 3r&/@h nas more. %M@h Z W%/C@S
it cam be  dovided  into  two 30@%1 (90%@%5;

G G,i= SLLgﬁm//oﬁ nauces é% AL B,
B —

_ _A.L R 5%@/@2/0/0 mduces @ AzUBZ
A=A LA,




irst  try:

dot e A amd BeB be Lwo vertices comected @u an edge.
Set A= lay, Bii=16)  and

A= ANday B = Bdél

2

6411 Sw@graph R & induced. @ /4,,U57
&, 1 = §M63FQPQ\/L/ of & duduced 6;@ AV B,

WG/ Suggraph 64 S O‘gm”OMSZJL/ ﬁOO&K ,
le G also good [&

2



Q/ //% G F(j
° / x\ < Yu<8Y|
A

/\% &

N =T \Y|+j_,

Suppose. that  the gmaph G, s not  good amd
the cet A contams a  subset X sudh  that

2

the et Y of all verdices i B comected B X
contacus Jess thenw | X|  eclemewts. ¢

S & s good  we  know that the  wumber of vertices
i B comected to X s emc%/(u/ | X1

This is possifle i and only b Y(XD= YV {8}

Tn this case | X\ = [ Yudsl),



We make a  second vérdc/ W% Oﬁ‘m'ﬂ/e/ G
We deaﬁu“me
A= X /J%; c= YU {6}

1

X s  4he smallest  subset  witle prepeﬁ;g . =>
the Glpartite  graph  wdued on % LJ%4 is  good.

2
2

ls the graph indued By A iz ANX awd Bi=BN0E



Vectices of B, are comnected only b the
vectices  of A

2/ .

§|‘mce {m gra/ah 6: = 3000(@/ e\/e\f“g syfset /\?9%

2
~J

s commected To at least | Y| vertrces.
Also B, 1= 1BI- \YOO] = 1A= 1X] = VA |
Therefoce  the  graph /6\/2 s  also good.

Mote thet X S A

This  {inishes the proof of the ctefement

amdl  also  the /amof of the theorem @ wduction

on the number of vertices B




THeorent : v & % o non-trivial  eqular
bipartite  graph g that s

ol verdices of & hare the <ame  non-zero degree.
Thew G has a perdect m@%cm’nf,

Proaf .'

We witl show that sudh a ym%h G s goed.
We —witl  check +two conditions of  gooduess”:

@ Poth  parts have the same wumber of veriices

Smmoo&e that G has /\/60/7@5; and each  vertex
\/\ag opeﬁ(\eg M 77453“ eacl g&/@aqf‘é AQQ 227% ﬂfef‘éz”CQS.



® ot ue check  the <econd  condition.
Suppose.  that  this  condibon s Lalse,
Then there  exists a  subset X < A
such  Hub [ Y(XD] < | X)),
o a subgraple  wdued By X L YOO
the wm of  degrees of wverties in X
cquaks  the  sum  of degrees of wverhes in Y(xX).

Thew Y(X) contawins  q  vertex  of o/@ﬁ@& gz“gjef thon M.
/;[“5 contbradicts the @ja&l/ﬁ% 0 6



